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INVERSE SCATTERING PROBLEM FOR THE 
SCHRODINGER OPERATOR WITH A SEPARABLE 

POTENTIAL 

Abstract 

We prove that the inverse scattering problem for the Schrodinger operator with 
■ the separable potential can be reduced to the solving of a certain singular inte- 

f-^ \ gral equation. We establish the uniqueness of the potential corresponding to given 

D 1 scattering amplitude in the class of separable potentials. 

On 

1 Introduction 

<N 
CO 

In this paper, we consider the Schrodinger operator in L 2 (R 3 ) of the form 

O . 

H = Hq + V, where Hq = — A, V = X(-,ipo)ipQ is a separable potential with 
^ ! A G R and ip Q (x) G L 2 (R 3 ). We assume that V j^O. 

Q-T 



X 



In what follows, we use the notation 

«»(!>)*) = h L '^ZT7Av)dv, (1) 



Si . P w\x-y 
P„/V,W^ — __ / _ 



4tt "'R 3 \x — y\ 

where G L 2 (R 3 ) n L^R 3 ), Imp > 0. In the case E = p 2 G C \ [0, oo) the 
operator of the form (1) is the resolvent of the operator Hq at the point E. 

The Lippmann-Schwinger equation in the case under consideration has 
the form 

i/j(x, k) = e ihx - R (\k\ + iO)Vi(;(x, k) = 



ihx A(^ ) f e»-y[ 



e ~ L i Mv)dy (2) 

4tt j w \x — y\ 



where k G R 3 and 



W^o) = J K3 ^(x)iJo(x)dx. 



We consider this equation in the class ^ G L°°(R 3 
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We denote the scattering amplitude by 

f(H n, u) = -^^1 | r3 e -W»yUv)dv (3) 

where n = x/\x\, u = k/\k\ (see [1]). By an inverse scattering problem wc 
mean a finding of the potential V using the scattering amplitude / given for 
all (perhaps, sufficiently large) energies E = k 2 . (This is the third kind of 
the inverse problem in [1]). 

In the sequel, we use the notation 

(j>(h) = (2tt)- 3/2 J R3 e- ihx (f)(x)dx, G L 2 (R 3 ) 

for the Fourier transform and (j) for the inverse Fourier transform. We shall 
denote by 

m m y — x 

the singular integral operator (here we regard the principal value of the 
integral). This operator acting, in particular, in the space L 2 (R X ) (see [2]). 

2 Main equation 

We assume that the function satisfies the following conditions: 

(1 + x 2 H< € L 2 (R 3 ), j/>o 6 L'(R 3 ) n Z, 4/3 (R 3 ), (4) 
|grad H 6 L'(R 3 ) n LV»(R»), / ^^dxdy * 

JRA | X _ y\ \ 

Because of the first condition, there are exist the first continous derivations 
of the function i/jq in all variables. Making use of the second and the third 
conditions and also the Hausdorff- Young inequality [3], we obtain the inclu- 
sions 

Mk) € L 4 (R 3 ) (5) 
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and 

\&Mdxj{p)\ = \ Pj Mp)\ g ^ 4 (R 3 ), i = i, 2, 3. (6) 

We need the following theorem (see [1]). 

THEOREM 1. Assume that the relation 

l + A(i? (NM),V>o)^0. (7) 

holds. Then there exists the unique solution of the Lippmann-Schwinger 
equation (2) and 



fn ,|„,A_ 27r 2 XM\k\n)M\k\^) m 

/(|i| '"' u) -"TTWW^)' (8) 



We introduce the notation 

r2ir rir 



C ^iTC PIT 

F(\k\)= I #/ Q d0sm0f(\k\,u>,u) 
where \k\, 0, 9 are the spherical coordinates of the vector to. Further, set 

m) = Mk\ 2 £ desme\^M\k\,^e)\ 2 . (9) 



Here ± is the sign of A (the argument of the function is written in the 
spherical coordinates). We assume that the function £ is extended on the real 
axis as even function. 

LEMMA 1 The following relation 

11 " |fc|(2|fc| + «r(l + S)«)(|fc|) 1 > 

holds. 

PROOF. It is obviously that the function £(q) is continously differentiable 
and summable on the real axis. Therefore, in the folowing transformations 



the Sohotskii-Plemelj formula can be used . We also change the integration 
order and use that the function £ is even. Thus, we have 

A(i2o(|fc Wo, *M = X(R (\k\ + i0)^ *M = (11) 

= a( 2 y mp)) = a r r r r ^lt M, ^ |2 #^ = 

V - (|£;| + 20) 2 ' r VjP7; Jo Jo r 2 _ + ^o) 2 ^ 

i{q)dq 1 /■ £(g)c?g 



2 JR q 2 - (\k\ + iO) 2 2\k\ JR q - \k\ - iO 

i ,x , r £{q)dq, in 



■(-«i*i) + iS=^ i+s )«)(i*i)- 



2|A;| V SVI 17 Jnq- \k\ J 2\k\ 
By (8) and (11), we obtain (10). The lemma is proved. 

We note that the function F can be extended to the whole real axis by 
means of the right-hand side of the relation (10). Further, if the denominator 
of the expression (10) is equal to zero, then the numerator of this expression 
is equal to zero too. Therefore, for all q G R the relation (10) can be rewritten 
in the form 

ir(iqF(q) + ^(q) + iirqF(q)(S)(£)(q) = -2q 2 F(q). (12) 
We introduce the notation 

a(q) = 2ir(iqF(q) + 2tt), b(q) = 4tt 2 . 
Then (12) reduces to the equation 



^ (1 + s) + b M(i- 



(_^(l +S ) + - S M q) = -2q>F(q). (13) 

3 Uniqueness of the solution of the inverse problem 



LEMMA 2. The following relation 

(i?o(IWo,V>o)^0, |fchcx) 
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holds. 

PROOF. We have the relation 

1 , , e i\H\x-y\ 

(R (\k\)ijjo,ipo) = — j R3 (j K3 i _ | My) d y)M x ) dx = 

1 , , e *\H\v\ 

1 , e *|A||»l 

It follows from the inclusion ip Q G L X (R 3 ) n L 2 (R 3 ) that 

M~y) * My) e ^(R 3 ) n l°°(r 3 ). 

Therefore, 

^o(-?/)*^)G^ 1 (R 3 )- (15) 

By virtue of (14), 

(Ro(\m , M = ^ f e^f(p)dp (16) 

where 

/(p) = p J^d^ £ d6sm6(M-(-)) * W))(p,0,0) € ^(0,00). 

(The last inclusion follows from the relation (15) in the spherical coordinates). 
As well-known, the Fourier transform of the function beloning to L : (R 3 ) 
tends to zero when its argument tends to infinity. In view of (16), lemma is 
proved. 

LEMMA 3. The inclusion q 2 F(q) G L 2 (H) holds. In addition, 

q 2 F(q) - 0, \q\ - oo. 
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PROOF. Because of (8), (9), we have 

q F{q) ~ -ttkbmm- ( 7) 

Therefore, to prove the first part of the lemma, as follows from Lemma 2, it 
is sufficient to establish that t; G L 2 (R). Applying the Schwarz inequality to 
the relation (9), we obtain 

j R \((g)\ 2 dq < C(/ o 2 *# J o 'd0sme / VlV'o(9>, 0)l%) 1/2 = 

= c*(/ R3 IpI 2 |*o(p)| 4 #) 1/2 < C(J R3 bl 4 |*o(p)| 4 rfp) 1/4 (/ R3 VMpW 1 - 

(18) 

By (6), we have \p\ ■ \iIjq{p)\ G L 4 (R 3 ). From here in view of the relation 
(5), it follows that the expression obtained in (18) is finite. This implies the 
inclusion ^ G L 2 (R). 

Now, we prove the second part of the lemma. According to the third 
condition in (4), 



dxj 



(o)l = b#)ho, bl ^ oo. 



Thus, |p| • I^oCp) I - ¥ 0, as \p\ — > oo. By virtue of (9), we obtain that £(q) —> 0, 
as \q\ — > oo. Because of Lemma 2, this proves the desired result. The lemma 
is proved. 

We mean by an index indRa(g) of a complex-valued function a(q) the 
number of anticlockwise revolutions of the vector a(q) in the complex plane 
when g G R varies from — oo to oo. 

THEOREM 1. Assume that for the given scattering amplitude f the follow- 
ing relations 

iqF(q) + 2tt ^ 0, q G R, 
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ind R (iqF(q) + 2tt) > 



holds. Then, the scattering amplitude f corresponds not more than one po- 
tential in the class of the potentials of the form V = A(-, ^0)^0 where ipo 
satisfies (4). 

PROOF. First, we prove that the function qF(q) is continuous. Note, that 
the function vJjq and, hence, the function £ has the continuous derivative. 
Further, the operator S transform the Holder functions into the ones. Con- 
sequently, the function (S£)(q) is continous. It follows from here by virtue 
of the relations (17), (11), that the function qF(q) is continuous for g ^ 0. 
The continuity of the function qF(q) at zero is the consequence of the re- 
lations (17), (14) and the last condition in (4). Therefore, the function a(q) 
in the Eq.(13) is continuous. In addition, by Lemma 3, the limits of the 
function a(q) for q — > ±00 are the same and the right-hand side of Eq.(13) 
belongs to L 2 (R). Thus, we can apply to this equation, taking into account 
the condition of the theorem, Th.6.1 in [2] for the space L 2 (R). It follows 
from this theorem, that the number of the solutions of Eq.(13) in the class 



L 2 (R) is not more than unity. Assume that the functions ±^J\\j\ifjoj where 

± is the sign of Xj generate the potentials Vj, j = 1, 2, corresponding to the 
unique amplitude /. What has been said above, implies, in view of (9), (11), 
that signAi = signA2 and the denominators on the right-hand side of (8) for 
4>o = ^Ojj j = 1, 2, are equel. Therefore, the correspondig numerators are 
equel. Setting in (8) n = u } we obtain that | a/A^oi (q') | = \V~\ipo2(q)\- Let us 
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(8), 



where q = \k\n, qo = \k\u. From this for the fixed qo, we obtain 



where 9q = #i(<7o) — #2(<7o)- Therefore, the functions ipojij = 1,2 determinate 
not more than one potential. The theorem is proved. 

COROLLARY. Let \qF(q)\ < 2tt, q e R, then Th.l is true. 

REMARK. The determination of the function ipQ via the scattering ampli- 
tude actually means the calculation of the solution of the singular integral 
equation (13). In the case k < the dimension of the space of the solutions 
of the corresponding homogeneous equation coinsides with \k\ [2]. Thus, in 
this case the Eq.(13) is not solved uniquely. 

We note, that by virtue of Lemma 3, there exists A > such that \q\ > A 
imlies 

I l( lF{q) . I, on , iq x 

' 11 hm (19) 

THEOREM 2. To any scattering amplitude f there corresponds not more 
than one potential in the class of potentials of the form V = \(-,ipo)iJj where 
ipo satisfies (4) and also the condition 

supp^o C [A, oo). 



PROOF. We rewrite Eq.(12) in the form 



iqF(q) + 47T ir(iqF(q) + 47r) 
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We regard this equation in the class L 2 [A, oo) changing S£ by (5'^)|[a,oo)- 
By (19), this equation always has a unique solution. The completion of the 
proof can be derived similarly to Th.l. 
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